We study quantum mechanical models in which the dynamical degrees of freedom are real fermionic tensors of rank five and higher. They are the non-random counterparts of the Sachdev-Ye-Kitaev (SYK) models where the Hamiltonian couples six or more fermions. For the tensors of rank five, there is a unique O(N ) 5 symmetric sixth-order Hamiltonian leading to a solvable large N limit dominated by the melonic diagrams. We solve for the complete energy spectrum of this model when N = 2 and deduce exact expressions for all the eigenvalues. The subset of states which are gauge invariant exhibit degeneracies related to the discrete symmetries of the gauged model. We also study quantum chaos properties of the tensor model and compare them with those of the q = 6 SYK model. For q > 6 there is a rapidly growing number of O(N ) q−1 invariant tensor interactions. We focus on those of them that are maximally single-trace -their stranded diagrams stay connected when any set of q − 3 colors is erased. We present a general discussion of why the tensor models with maximally single-trace interactions have large N limits dominated by the melonic diagrams. We solve the large N Schwinger-Dyson equations for the higher rank Majorana tensor models and show that they match those of the corresponding SYK models exactly. We also study other gauge invariant operators present in the tensor models.
Introduction and summary
In recent literature, quantum mechanical models in which the dynamical degrees of freedom are fermionic tensors of rank 3 and higher have attracted much attention, starting with the papers [1, 2] . These theories can have interesting large N limits where the dominant "melonic" diagrams can be simply studied and summed [3] [4] [5] [6] [7] [8] [9] (for reviews, see [10] [11] [12] [13] ). In the O(N ) 3 symmetric quantum mechanical model for Majorana fermions [2] , the unique non-trivial quartic term has the tetrahedral structure
where each of the indices ranges from 1 to N and the repeated indices are summed over. 1 In the large N limit where gN 3/2 is held fixed, the surviving Feynman diagrams are melonic, and they can be summed using Schwinger-Dyson equations. These diagrams are the same as in the Sachdev-Ye-Kitaev (SYK) model [15] [16] [17] [18] [19] [20] , where the quartic interactions contain a random four-index tensor. As a result, the large N tensor and SYK models are closely related, although there are also some important differences [13] . These differences are manifest in the small N exact diagonalizations of the Hamiltonians [21] [22] [23] [24] [25] [26] .
Rank q − 1 tensor models with q > 4 have been the subject of several studies relevant to our paper [2, [27] [28] [29] . A comprehensive study of various invariant interaction vertices for a single tensor of rank q − 1 was carried out in [28, 29] . For q ≥ 8 there is a very rapidly growing number of "generalized tetrahedral" interaction vertices, i.e. those that satisfy the constraint that every pair of tensors has exactly one index contraction. 2 As pointed out in [27] , their counting is a mathematical problem isomorphic to scheduling of the roundrobin tournament. Following [28] we mostly focus on the special subclass of such interactions which are "maximally single-trace" -their stranded diagrams stay connected if any set of q − 3 colors is erased. As we discuss in section 6, this facilitates the combinatorial analysis of the Feynman diagrams in the large N limit. It is conjectured that the maximally singletrace (MST) interaction vertices, which are known in mathematical literature as perfect 1-factorizations, exist for any even q > 2. They have been proven to exist when either q − 1 or q/2 is prime [30, 31] , as well as in some other cases, such as q = 16, 28, 36, 40, 50, 126, 170, etc.
A part of our paper is devoted to a careful analysis of the Majorana tensor theory in 0 + 1 dimension with rank-5 tensors as the dynamical degrees of freedom. The unique generalized tetrahedral interaction was written down in [2] , and the hermitian Hamiltonian is We can graphically depict this interaction by representing each fermion as a vertex of a graph, and each index contraction between pairs of fermions as an edge connecting two vertices (see fig. 1 ). In the large N limit, where λ 2 = g 2 N 10 is held fixed, the melonic diagrams dominate.
The factor of i is necessary to make H 6 real; it is a new feature compared to the rank-3
Hamiltonian (1.1). The Hamiltonian (1.2) has SO(N ) 5 symmetry, as well as some discrete symmetries. Some aspects of this tensor model are similar to the O(N ) 3 tensor model. The energy spectra in both models are symmetric under E → −E, since an interchange of any two of the O(N ) groups sends H → −H. However, there are also some differences: for example, in the O(N ) 5 model the time-reversal is not a symmetry since it acts as T −1 HT = −H due to the factor i present in the Hamiltonian (1.2). The O(N ) 5 model also has some differences from the q = 6 SYK model. In particular, at small N the structure of the spectra are rather different. This is due to the large number of continuous and discrete symmetries, which makes the tensor spectrum highly degenerate.
The q = 6 SYK spectrum is compared with the corresponding Q-hermite polynomial, which is calculated in the double scaling limit, where N SYK → ∞, q → ∞ with q 2 /N SYK held fixed [32, 33] . We find very good agreement, which suggests that the q = 6 SYK model shares some spectral properties with the double scaled model.
The structure of the paper is as follows. In section 2 we discuss the structure of the Hamiltonian (1.2) and its symmetries and use them to explain some of the degeneracies that we observe in the singlet spectrum in section 3. In section 4 we numerically study the spectrum of the tensor model and the q = 6 SYK model and investigate the differences between the spectral properties at finite N . In section 5 we discuss some properties of higher q tensor models. In section 6 we present a simple diagrammatic argument for the melonic dominance for the maximally single-trace vertices. The Schwinger-Dyson equations of the O(N ) 5 and O(N ) 7 models are computed in section 7. We show the existence of the solution of these equations in the IR limit, and that it is invariant under conformal transformations.
Additionally, we study the spectrum of the singlet bilinear and some of the non-singlet bilinears and show that they are identical to the SYK model.
Hamiltonian and its symmetries
The model contains a set of N 5 Majorana fermions ψ abcde with the anti-commutation relations:
We will first work at the "classical level", where we ignore the delta-function terms on the RHS of (2.1) and treat the fermions as real grassman numbers. Then the Hamiltonian we consider is
This is the unique sextic term with O(N ) 5 symmetry where any pair of fields have one index contraction [2] . The factor i is inserted so that the Hamiltonian is hermitian. The correct 
Dropping the quantum delta-function terms in (2.1), and bringing it to the form so that the fields are read from right to left, we have
We find that H class = −H class ; this can be seen explicitly by relabeling the indices
We examine the behavior under the other O(N ) permutations and find that H = −H in all cases, so the symmetry group of the Hamiltonian includes the alternating group A 5 . This is related to the fact that it is a maximally single-trace (MST) operator. We expect that the A q−1 symmetry also holds for the MST Hamiltonians with higher even q. We write the characteristic equation:
Thus we have shown that the energy spectrum of (1.2) is symmetric. Another way to see this is to consider the time reversal symmetry, which we discuss in the following section.
Discrete symmetries
As in [23] we can introduce an operator that sends H → −H. This is called the permutation operator, and it implements an O(N ) group pair swap. We can implement this operation by introducing the following operator
which exchanges the last two indices of each fermion in the interaction.
For convenience, it is better to work with Dirac fermions, which can be built in the following way 9) and they satisfy the usual commutation relations of the Dirac fermions.
We notice a symmetry under the exchange of ψ abcd(2n) → −ψ abcd(2n) in Hamiltonian (1.2).
It corresponds to the charge conjugation symmetry, C,ψ abcdn ↔ ψ abcdn . Under this exchange, each term gains a negative sign during normal ordering, and this results in preservation of the original Hamiltonian: CHC −1 = H. We can define the charge conjugation operator,
In the case of the q = 4 tensor model [23] there is an anti-unitary time-reversal symmetry T , that acts in the following way
In the case of the Hamiltonian (1.2) this is not a symmetry of the theory. Indeed,
which shows that T is not a symmetry of the theory. From this one can see that the eigenvectors come in the pairs (|E , T |E ) with opposite energies. In the representation where ψ abcde are real matrices and the Hamiltonian is a pure imaginary matrix, the action of T coincides with complex conjugation T = K. Let us consider an eigenstate |E = c i |e i , where |e i is a basis that we build with the use of the vacuum and the creation operators ψ abcde . Then With the discrete symmetries of our q = 6, O(N ) 5 symmetric tensor model described above, we are now in a position to find the corresponding random matrix model to describe quantitative properties of the spectrum of the model. This is typically done by mapping our model to a random matrix theory ensemble. There are general rules for choosing the associated ensemble based on the various symmetries of the model [34] . The set of possible ensembles we consider is known as the Andreev-Altland-Zirnbaur (AAZ) ten-fold classification. The symmetries we will use to classify our model are the time reversal symmetry (TRS), and the permutation symmetry described above, P ij . As noted above, our Hamiltonian does not posses TRS, like the q = 6 SYK model [19] . In the absence of TRS, we can take P 2 ij = +1, and we can classify this Hamiltonian as belonging to the AIII ensemble of the AAZ ten-fold classification [35] . With this classification, we find that the corresponding random matrix ensemble is a chiral Gaussian Unitary Ensemble (chGUE) [36] . We may also use our knowledge of these discrete symmetries to examine the singlet spectrum and its degeneracies, which is done in the following section. states. We can represent each fermion by a gamma matrix of SO (32) . We construct the pure real gamma matrices of SO(32) by taking tensor products of Pauli spin matrices, as described in [37] . After substituting them into the Hamiltonian (1.2) we obtain a matrix which can be diagonalized using a computer program.
We begin by describing the SO(N ) 5 invariant states in our theory. They are present only when N is even, and we restrict to this case. In order to count the number of these states, we follow the method of [23] . We gauge the free theory to get
The procedure of gauging eliminates all non-singlet states from the spectrum. Indeed, if we calculate the path integral on the circle of the length β and first take the integral over the gauge field we get a constraint J i ab = 0 -the generator of rotations must be equal to zero. After that, the integral over fermions easy to take and we get,
If we first calculate the path integral over fermions and gauge the A i to Cartan subalgebra, where A i is a skew-symmetric matrix, we get that
Here, x Using the same method, we may count the number of singlet states for models of different ranks. For instance, the O(2) 4 × O(4) model has 106096 singlets.
We can see that the degeneracy of each state of the singlet spectrum for N = 2 is a multiple of six. The six-fold degeneracy is explained in section 2.1 by the discrete symmetry Furthermore, from precise numerical results we have been able to infer the exact expressions for the full spectrum of the O(2) 5 tensor model. The energies are found to be roots of even polynomial equations up to order 6. This is presumably due to the fact that the various symmetries of H allow for mixing of at most six states. The polynomials have only even powers because they must be invariant under E → −E, which follows from the fact that H → −H under exchange of any two colors. The results are displayed in fig. 1 . Most Degeneracy Energy (in units of g) were seen in other tensor model spectra [23] [24] [25] [26] . The remaining 18 energies are given by the roots of three distinct even sixth-order polynomials. One of the equations is
Its six solutions are given in terms of ξ = 3 5023 + 324i √ 533 as follows:
The roots of the other sixth-order polynomials may be expressed analogously. The total number of states listed in table 1 adds up to 65536 = 2 16 = 2 N 5 /2 , so it contains the full spectrum, which is shown in fig. 3 .
Due to the Poincaré recurrence [38] , one would expect that any state could return arbitrarily close to the initial state after a sufficient amount of time. One may wonder how to calculate such a time. To do this, we must consider an arbitrarily chosen initial state, which can be decomposed in terms of the eigenstates,
It follows that the distance between these two states is
And, if for any > 0, there exists a time t rec such that |1 − cos(E n t)| < , the state |ψ(t rec )
is arbitrarily close to the initial state |ψ . The Poincaré recurrence theorem guarantees the existence of such a time, but one may wonder how to find it explicitly. Fortunately, if the exact expression for the energies E n are known, the Lenstra-Lenstra-Lovász (LLL) lattice basis reduction algorithm [39] may be used to calculate this time. Namely, the condition (3.7) for the t rec can be rewritten in the following form. We are looking for the number q rec , such that
The recurrence time in question is t rec = q 2π
. Now, if one constructs the lattice basis in the form 9) and applies the LLL algorithm, the first basis vector will have the form,
where p i are integer numbers. Therefore, the number q found by the LLL algorithm is the required q for the condition (3.8).
Applying this algorithm for the spectrum of our model, we find that the recurrence time
Comparison with the q = 6 SYK model
In this section we calculate the energy spectrum and the spectral form factor of the 
In this case there are 2 13 = 8192 states, and each fermion is assigned to a gamma matrix of
SO(26).
In fig. 3 , we can see that there are large energy gaps in the tensor model, whereas the SYK model has a much denser spectrum and displays a near semi-circular distribution of eigenvalues that is characteristic of random matrices. Upon examining the energy spectrum,
we can see the E → −E symmetry in the q = 6 model due to the time-reversal symmetry, which is not present in the q = 4 SYK model. We provide a fit for the energy spectrum as shown in fig. 4 . This fit is the spectral density that corresponds to the Q-Hermite polynomial with Q equal to a combinatorial factor, η, that encodes the suppression of crossing diagrams in the Wick contractions of gamma matrices. The suppression factor is derived in [40] ,
The Q-Hermite spectral density, ρ QH (E), is the following [32, 40, 41] ,
where A ≈ 104 is the normalization constant, which imposes that the total number of states is equal to 2 N SYK /2 = 8192, E 0 ≈ −0.0032 J is the ground state energy, and η ≈ −0.0072 is the suppression factor. The spectral density, (4.3), is calculated in the double scaled limit, where N SYK → ∞, q → ∞, and q 2 /N SYK fixed. We can see that there is strong agreement with the Q-hermite polynomial and the q = 6 SYK energy spectrum, which indicates that this model is a very good approximation of the double scaled limit.
Additionally, we can examine and compare the spectral form factor (SFF) for the SYK and tensor models (similar calculations in tensor models with q = 4 were performed in [21, 22] ). The SFF is a measure of the discreteness of the energy spectrum and can be defined as [32, 42] 
In fig. 5 and fig. 6 , we display plots of the SFF for the q = 6 SYK and tensor models.
For comparison, we have also plotted the SFF of the corresponding random matrix theory (RMT) ensemble, which is determined by the value of N SYK mod 8 [32] . In our case, we plot for N SYK = 26, which is associated with the gaussian unitary ensemble (GUE). The SFF for the GUE that we have plotted is calculated in [43] , and we have included the result at infinite temperature below:
is the Bessel function of the first kind, and contributes to the early time oscillations of the GUE. L sets the size of the ensemble of random hermitian matrices, and is related to the plateau time as t p = 2L.
We can see that the SFF for the SYK model has the same features of the corresponding RMT ensemble, indicating properties of quantum chaos; in particular, the dip-ramp-plateau structure is present (see fig. 5 ). Some of these properties are more difficult to see in the tensor model because the gaps in the energy spectrum are sizable for the available value of N . However, we can notice a dip and plateau structure in our tensor model, which suggest signs of chaotic behavior, but there is no obvious ramp (see fig. 6 ).
Despite clear differences in the finite N behavior of the tensor model and SYK model, we find that the large N solutions of the two models are identical. Before solving the large N models, we will discuss higher q tensor models followed by the large N limit and the melonic dominance of our tensor model.
Tensor models with q > 6
We begin with a discussion of q = 8, where the Majorana fermion tensor is of rank seven, and the model has O(N ) 7 symmetry. In a "generalized tetrahedral" interaction vertex, every two tensors have exactly one index in common. In contrast to the q = 6 case, there are six distinct such q = 8 interactions [28, 29] . However, only one of these interactions has the property that it stays connected whenever any 5 colors are erased. This is the maximally single-trace (MST) vertex in the terminology of [28] , and we will show that in the Majorana model it produces a Hamiltonian which is fully antisymmetric under interchange of the O(N ) groups. The problem of finding the MST interactions is equivalent to the problem of finding the perfect 1-factorization of the complete graphs [30] . There are two classes where the existence of the perfect 1-factorizations has been proven: for graphs with p + 1 vertices or 2p vertices, where p is an odd prime number.
The q = 8 MST interaction is shown in fig. 7 . This interaction is called the canonical coloring [29] ; this means that if we erase any set of 5 colors, we are left with an octagon composed of alternating colors. We can show the antisymmetry of this fermionic interaction as follows. Let us erase all colors except for groups O(N ) a and O(N ) b to get,
Now let us exchange the O(N ) a and O(N ) b groups of H 2 to get,
This is in contrast to the other q = 8 interactions that satisfy the constraint that one index is shared among any two pairs of fermions, all of which are provided in fig. 2 of [29] . The graphical representation of a q = 8 tensor interaction which is not maximally single-trace. If we erase all but the blue and red stands, the graph becomes disconnected.
We give an example of a non-MST interaction in fig. 8, corresponding to fig. 2 ,a in [29] .
When we erase all but two colors, we are left with two disconnected diagrams, which means this interaction is symmetric under exchange of these two colors.
Let us now comment on the q = 8 MST interaction. Since there is no i in this interaction, we have the time reversal symmetry. The E → −E symmetry comes from the antisymmetry under the exchange of two gauge groups. This interaction is melonic and
, following the arguments in section 6. In section 7, we will calculate the scaling dimensions of the bilinears of this model, and also include the result for general q tensor models.
We will define the group of coloring automorphisms, which will be used in calculating the propagator. One can think of a coloring automorphism as a permutation of the vertices of the interaction graph in a way that preserves the colors of the edges. Paper [29] explores these symmetries in more detail, and shows that the group of coloring automorphisms is Z n 2 . Furthermore, [29] proves that for q = u2 v , u odd, melonic tensor models, the group of coloring automorphisms, which we will denote as Aut, can be at most Z There are six distinct q = 8 interactions that satisfy the constraint that each pair of Majorana fermions has a single index contraction. The difference between them is the order of the coloring automorphism group, which is taken into account in (7.1). The more symmetry our interaction has, the larger the order of the automorphism group will be. It follows that the q = 8 fully symmetric diagram has the largest group order, with Aut = Z 3 2 [29] . As noted in section 7, the |Aut| factor cancels out in the spectra calculation.
The number of possible "generalized tetrahedral" interactions increases very rapidly with q [28, 29] : for q = 8 it is 6, for q = 10 it is 396, and for q = 12 it is 526, 915, 620. However, at least for q = 8 and 10 the maximally single-trace vertex, or perfect one-factorization, is unique [28] .
3 For q = 10, the MST vertex is shown in fig. 9 (see also fig. 5 of [28] ).
Melonic dominance for maximally single-trace interactions
In this section we discuss the structure of Feynman diagrams contributing at leading order in N ; they are often called the maximal diagrams. First, let us recall the tensor model with O(N ) 3 symmetry, corresponding to q = 4. This model has single-sum interaction vertices of either the tetrahedron type or the pillow type [2, 9] . A representative of the latter is
which is illustrated in fig. 10 ,b.
Let us study the vacuum Feynman graphs of this theory and take turns erasing the strands of a given color. For the maximal graphs, the remaining double-line diagrams are planar, since increasing their genus decreases the number of loops [2, 9] . If such a doubleline diagram has n separate connected components, then the Euler theorem states that the number of index loops is given by f rb = 2n rb + v t , and f rg,bg = 2n rg,bg
where v t and v p are the numbers of the tetrahedral and pillow vertices, respectively. Since the pillow vertex (6.1) becomes disconnected when the green strands are erased, we find that the number of separate components of the red-blue graph satisfies
On the other hand, the tetrahedral vertex stays connected when red or blue strands are erased, so that n rg = n bg = 1. These numbers are independent of v t because the tetrahedral vertex stays connected when any color is erased
Adding these equations, we find that the maximum total number of closed loops is
This means that the maximum weight of a graph is N 3 λ vt t λ vp p . Here
are the quantities which must be held fixed to achieve a smooth large N limit. These scalings apply to any rank-3 tensor theory with O(N ) 3 symmetry and quartic interactions [2, 9, 44] . . This means that the energy shift for such states due to the pillow operator is
The fact that this scales as the number of degrees of freedom, N 3 , is a confirmation that the scaling (6.6) is correct.
The discussion above shows that the simplest melonic large N limit applies to the g p = 0 model which has a purely tetrahedral interaction. The tetrahedron vertex stays connected when the strands of one color are erased and becomes a connected double-line vertex, which is found in the O(N ) × O(N ) symmetric matrix model with a single-trace
In the O(N ) 3 model, the tetrahedral vertex is the unique quartic vertex which is maximally single-trace. Let us now perform a similar analysis in the large N limit of O(N ) q−1 symmetric tensor models corresponding to higher even values of q. To achieve the simplest large N limit we will consider only the maximally single-trace interaction vertices [28] , which stay connected whenever any q − 3 colors are erased. The unique such interaction vertex for q = 6, (2.2), is shown in fig. 1 , for q = 8 in fig. 7 , and for q = 10 in fig. 9 . When colors i and j are left, the double-line vertex is of the kind found in a O(N )×O(N ) symmetric matrix model with the single-trace interaction g tr(M M T ) q/2 . Since this interaction is single-trace, the two-color graph may be drawn on a connected Riemann surface of genus g ij , and we have the constraint
where e and v are the total numbers of the edges and the vertices. Since the graphs may be non-orientable, the possible values of the genera, g ij , are 0, 1/2, 1, . . .. Using e = qv/2 and summing over all choices of remaining two colors we find
we find
The maximum possible weight of a vacuum graph with v vertices, corresponding to all g ij = 0,
and the large-N limit needs to be taken with
(6.12) is shown in fig. 11 ). A more rigorous proof, which is however restricted to cases where q − 1 is prime, was given in [28] .
As we have shown, the graphs giving the leading contribution in the large N limit have g ij = 0, i.e., any choice of the double-line graph is planar. In this case we find
Let us show that there is a loop passing through only 2 vertices and use the strategy analogous to that in the q = 4 case [2] . Let f r denote the number of loops passing through r vertices.
Since there are
strands meeting at every vertex, we find the sum rules
Combining these relations, we find Figure 12 : A basis pair of vertices that is connected by a pair of propagators.
Assuming that there are no snail diagrams, so that f 1 = 0, we have
For q ≥ 6 the sum on the RHS of this equation is greater than zero. This implies that there is a loop passing through exactly two vertices. We shall call them a basis pair of vertices.
Without a loss of generality one can assume that these vertices can be drawn as in fig. 12 .
Also, for convenience we will number the fields in the vertices as in fig. 12 . We can say that this loop, passing through two vertices, is a pair of bare propagators that connects the outputs with numbers 1 L with 1 R and 2 L with 2 R , see fig. 12 . Now let us choose any other field in the left vertex, a L , in the range from 3 L to q L (for instance, we choose 3). Let us erase all colors except for (1 L 3 L ) and (3 L 2 L ). We can make a permutation of vertices such that the output will be between the first and second outputs (see fig. 13 ). However, the same does not hold for the right vertex; for example, between the 1 R and 2 R there could be another number of the field r i , that must be non-zero.
Because the double-line graph constructed out of the colors (1 L 3 L ) and (3 L 2 L ) should be planar, the output 3 L on the left vertex can be connected only with these r i outputs.
It cannot be connected with the other fields, and these r i fields in the right vertex could be connected only to this field 3 L on the left (for example, in fig. 13 the field 3 L can be connected only to the fields 3 R , 5 R , 4 R in order for the graph to be planar). From this we Figure 13 : Because we consider a maximally single-trace operator, we can erase all except two colors and have a single-trace vertex. If they are connected to each other by two propagators, then the most general structure could be only the one shown in this figure. For the output 3 L in this case we assign the number r 3 = 3.
derive that for each field on the left we must assign a subset of the fields on the right. These subsets do not intersect with each other in order for the graph to be planar for any choice of the pairs of colors. From this we have
Since r a ≥ 1, this equation implies r a = 1. Therefore, each output on the left is connected to the one on the right with a one-to-one correspondence. Thus, each ribbon graph, which is made by removing any set of q − 3 colors, is planar. The graph has the structure depicted in fig. 14 for q = 6 , where G i are propagator insertions. We can connect the ends of these structures to get four other maximal vacuum diagrams and apply the same reasoning to them. From this one can see that the maximal graph must be melonic.
Thus, we have shown that, in order for a graph to have the maximal large-N scaling, it must be melonic. It is also not hard to see [28, 29] that, if we take two MST interaction vertices and connect each field from one vertex with the corresponding field in the other, we will find the maximal large-N scaling. This completes the argument that, for any MST interaction vertex, a graph has the maximal large-N scaling if and only if it is melonic. 
Large-N scaling dimensions of the fermion bilinears
Due to the melonic dominance for the rank q − 1 tensor models with MST interactions, we can sum the Feynman diagrams in these large-N theories. This allows us to calculate the propagator of fermionic fields and the spectrum of fermion bilinear operators. We expect the large-N solution of the MST tensor models to be similar to that of the SYK models, which also exhibit the melonic dominance. Indeed, in [27] it was shown that the four-point function for a rank q − 1 tensor model has the same kernel as the SYK model four-point function with a q fermion interaction. In this section we present further results along these lines.
The large-N Schwinger-Dyson equation for the tensor model two point function with a six fermion interaction is represented diagrammatically in fig. 15 . We can write the Schwinger-Dyson equations from the diagrams in fig. 15 . We start with an MST q-tensor interaction,
where |Aut| is the order of the automorphism group of the interaction (see section 5), and q|Aut| is the number of contributing Feynman diagrams [29] . We introduce
, and we make the assumption that in the IR regime the Σ will dominate the derivative. Thus, we use the following conformal ansatz,
We take the Fourier transform of (7.2) and arrive at,
In the IR limit we assume that we can neglect the derivative and get G = −1/Σ. From this we arrive at
It follows that ∆ = 1/q and a q = Γ(
. Thus, we have that the propagator is, 5) which exactly matches that of the general q SYK model [45] . For q = 6 and q = 8 we have,
Using this propagator we can study the spectrum of bilinear operators.
Let us first compare the combinatorial factors in the ladder diagrams, shown in fig. 16 , to those in the melonic diagrams for the two-point function, shown in fig. 15 . As stated above, there are q|Aut| Feynman diagrams that must be counted for each melon insertion.
We note that the ladder diagrams may be constructed by 'cutting' one of the internal legs of the melonic diagrams for the two-point function. There are (q −1) choices of which leg to cut.
This means that, for every diagram in fig. 15 , we can make (q−1) ladder diagrams by cutting the different internal propagators. So, we have a combinatoricial factor of q(q − 1)|Aut| for the ladder diagram. Thus, the factors of |Aut| cancel in the operator spectra calculation, and we find that the spectrum is identical to that of the corresponding q SYK model. The calculation is presented in the following.
The kernel comes from one rung of the ladder in fig. 16 . In the general q case, we get that the kernel exactly matches that of the general q SYK model [19] :
For the q = 6 and q = 8 case, we havê
We substitute the ansatz for the spectrum of singlet bilinears as
where h is the dimension of the operator O(t). The spectrum of operators for the q = 6 model is computed as follows:
, where 9) and ∆ = 1 6 . The scaling dimensions of bilinear operators ψ abcde ∂ 2n+1 t ψ abcde are determined by the equation g a (h) = 1, and its form coincides with that for the SYK model [19] : after setting q = 6. There is a solution at h = 2, which is the mode dual to the excitation in Jackiw-Teitelboim dilaton gravity [46] [47] [48] [49] . One can show that the spectrum has the following asymptotic behavior, h → 2n + 4/3 as n → ∞. In contrast to the SYK model, the tensor model contains operators which are SO(N ) symmetry generators, such as J aa = ψ abcde ψ a bcde .
If there are no ladder corrections to this operator, we would find that its scaling dimension is ∆ J = 2∆ ψ = 1 3 ; this would contradict the conservation of such charges. In fact, one can verify that there are ladder corrections to the operator which are non-vanishing in the melonic large N limit [14] (see fig. 17 ). Their feature is that, due to the antisymmetry in a and a , the relevant eigenfunctions are symmetric [14] :
Thus, we havê
In general [50] , The asymptotic behavior of the eigenvalues is h → 2n + 1/3, corresponding to operators
t ψ a bcde . In an analogous manner, we can compute the spectrum of operators for q = 8, = g a (h)v(t 1 , t 2 ) , (7.14)
where g a (h) is given by (7.10) with q = 8. The scaling dimension is determined by the equation g a (h) = 1. We can verify that there are no complex modes, that g a (h) = g a (1 − h),
and that there exists a solution at h = 2, see fig. 19 .
We can similarly examine the symmetric sector, where our ansatz is now, v(t 1 , t 2 ) = 1 |t 1 − t 2 | 1/4−h . = g s (h)v(t 1 , t 2 ) , (7.16) and g s (h) is obtained from (7.13) by setting q = 8. and that a fully connected quartic operator must not have more than four strands shared between two nodes (5 > ρ a ≥ ρ b ≥ ρ c ≥ 0). We find the following triples: (4, 1, 0), (3, 2, 0), 
